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Abstract. We construct balanced metrics on the family of non-Kahler Calabi- 
Yau tlireefolds that are obtained by smoothing after contracting ( — 1, — l)-rational 
curves on Kahler Calabi-Yau threefold. As an application, we construct balanced 
metrics on complex manifolds diffeomorphic to connected sum of fc > 2 copies of 
X S^. 

1. Introduction 

The purpose of this paper is to construct balanced metrics on a class of non-Kahler 
Calabi-Yau threefolds. 

A smooth Calabi-Yau threefold is a three dimensional complex manifold with 
finite fundamental group and trivial canonical line bundle. In case it is Kahler, the 
solution of the Calabi-Conjecture by the last author [25] provides a unique Ricci-flat 
Kahler metric in each Kahler class of the threefold. Such metrics, known as Calabi- 
Yau metrics, are the bedrocks of geometric studies of Calabi-Yau threefolds. In 
case the Calabi-Yau threefold is non-Kahler, one still likes to find some "canonical" 
metrics on it. One proposal is the balanced metrics. A balanced metric on a complex 
n-dimensional manifold is a hermitian metric whose hermitian form u> satisfying 
d(a;'^-i) = (see [E]). 

Balanced metrics are more flexible. For instance, the existence of balanced metrics 
is preserved under birational transformations [T]; in case the manifolds satisfy the 
59- lemma, it is also preserved under deformation of complex structures [24] . In this 
paper, we will consider the existence problem when the manifolds undergo a special 
class of transformations — smoothing after contraction. 

Let y be a smooth Kahler Calabi-Yau threefold that contains a collection of 
mutually disjoint (—1, — l)-curves Ei, - ■ ■ ,EiCY; these are smooth, isomorphic to 
and have normal bundles isomorphic to the direct sum of two copies of degree 
— 1 line bundles over them. By contracting all Ei, we obtain a singular Calabi-Yau 
threefold Xq. The Calabi-Yau threefold Xq can be smoothed to a family of Calabi- 
Yau threefolds Xt, possibly non-Kahler, when the curves Ei satisfy the criterion of 
Friedman [HI?]. The connected sum #kS^ x of k copies of x for any k >2 
can be given a complex structure in this way [3 [T7]. The main theorem of this 
paper is that we can find balanced metrics on Xt so that they form a well-bahaved 
family. 

Theorem 1. Let Y be a smooth Kahler Calabi-Yau threefold and let Y — > Xq be a 
contraction of mutually disjoint {— 1, —1) -curves. Suppose Xq can be smoothed to a 
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family of smooth Calahi-Yau threefolds X^. Then for sufficiently small t, Xf admit 
smooth balanced metrics. 

This theorem wih play an important role in investigating the geometry of Calabi- 
Yau threefolds within the framework of Reid's conjecture. To shed lights on the im- 
mense collection of diverse Calabi-Yau threefolds, Reid conjectured that all Calabi- 
Yau threefolds fit into a single universal moduli space in which families of smooth 
Calabi-Yau's are connected by certain birational transformations and smoothings 
|22| . Were this confirmed, it would provide us a mean to study the geometry of 
Calabi-Yau uniformly. 

The current work is our attempt to strengthen Reid's conjecture in the framework 
of metric geometry. As a first step toward this direction, we shall look into a special 
class of contraction-smoothing transformations: the conifold transitions that are 
contraction of (—1, — l)-curves followed by smoothing. In this paper, we prove that 
such transformations can be carried out metrically within the framework of balanced 
metrics. 

Our construction of the family of balanced metrics allows one to investigate the 
metric geometry of the conifold transition further along the line of Strominger's 
coupled system of supersymmetry with torsion. In short, Strominger [23] proposed 
the system of a pair (w, h) of a hermitian metric uj on a, Calabi-Yau threefold Y and 
a hermitian metric /i on a vector bundle V: 

d*LU = ^/^{^-^)\n\\n\\^■ 
F{h) A ^2 = 0; = = 0; 

y/^dduj = (tr(i2(w) A R{uj)) - tv{F{h) A 

It was observed that the first equation is equivalent to that u> is conformal to a 
balanced metric |15j : 

Also, in case V is the tangent bundle Ty and to is Kahler, the system is solved by 
taking the Calabi-Yau metric on Y and on Ty. 

This system should be viewed as a generalization of Calabi conjecture for the case 
of non-Kahler Calabi-Yau manifolds. 

The existence of smooth solutions of the Strominger's system has been studied 
by the authors. Using perturbation method, the second and the third author [15] 
constructed irreducible smooth solutions to a class of Kahler Calabi- Yaus on some 
C/(4) and U{5) principle bundles. Shortly after, the first and the third authors 
[9] constructed solutions to this system on a class of non-Kahler three dimensional 
manifold, i.e., on T^-bundles over K3 surface. Recently, Fu, Tseng and Yau [8] 
presented explicit solutions on T^-bundles over the Eguchi-Hanson space. 

A natural question along the line of Reid's conjecture is to see how solutions to 
Strominger's system on Y are related to that of Xq and of Xt- A positive answer to 
this will play an important role in the study of Calabi-Yau geometry and to super- 
string theories. To achieve this, the existence of families of balanced metrics on Xt 

"'^Here is the holomorphic three-form, R{lu) is the full curvature of lo and F{h) is the hermitian 
curvature of h. 
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with good limiting behavior near the singularities is essential. The results proved in 
this paper provide a solution to this question. 

We note that for explicit existence result, Goldstein and Prokushkin [10] con- 
structed balanced metrics on torus bundles over K3 surfaces and over complex 
abelian surfaces (cf. [5] and [3]). Later, D. Grantcharov, G. Grantcharov and Y.S. 
Poon [llj constructed CYT structures on torus bundles over more general compact 
Kahler surfaces; as a consequence they constructed CYT structures on complex 
manifolds of topological type {k - 1){S^ x S'^)#k{S^ x S^) for k > 1. Note that for 
compact complex manifolds with trivial canonical line bundles, the existence of a 
CYT strctures and of balanced metrics are equivalent (e.g. [H]). In comparison, our 
construction provides balanced metrics on a larger class of threefolds; they include 
those of types i^kS^ ^ for any k > 2. 

Corollary 2. #kS^ x 5*^ for any k >2 admits a balanced metric. 

We now outline the proof of our existence theorem. Our first step is to modify a 
Kahler metric on Y near the (—1, — l)-curves Ei to get a balance metric loq on the 
contraction Xq that is smooth and balanced away from the singularities of Xq; near 
its singularities, ljq coincides with the Ricci-flat metric of Candelas-de la Ossa's (see 
[1]). Note that this local construction only yields a balanced metric because the 
areas of Ei under the new metric ujq are zero, which is impossible if loq is closed. 
This is done in Section 2. 

After, we shall deform ujq to a family of smooth balanced metrics on Xf. Since 
Candelas-de la Ossa's metrics on the cone singularity can be deformed to smooth 
Ricci-flat metrics on the smoothing of the cone singularity, we can deform u>q to 
smooth hermitian metrics LVt that are Kahler near the singular points of Xq and are 
almost balanced on Xt for small t. To get balanced metrics, we first perturb by 

nt = Lol + 9t + Ot, d^t = 0, 

with Ot = idfxt for i^it a (1, 2)-form on Xt that solves the system 

dtdtfJ^t = dtujf and /it -L^^^ ker 

We then solve ilj = (tit)^. For this possible, we need to keep Qt positive, namely we 
need that the -norm || 6t W^jj^ approaches zero as t approaches zero. 

To this end, we choose 7t to be solutions to the Kodaira-Spencer equation Et{'yt) = 
dcot subject to 74 J-^^^ ker Ef. It is direct to check that the solutions 7* automatically 
satisfy dt'jt = and fit = —idfdt^f Applying the elliptic estimates, the L^-estimates 
and the vanishing of L^-cohomology groups, we prove that limt^o^'^ II llco~ ^ 
K > — |. The Section 3 and 4 are devoted to developing these estimates. 

We comment that the construction of the family of hermitian metrics LUt and the 
estimate on the perturbation terms 9t gives a precise control on the local behavior 
of the metrics Cjt near the singularities of Xq. Such information will be useful in the 
further study on how balanced metrics transform under conifold transitions. 

Acknowledgement. The authors would like to thank P.-F. Gaun, J.-X. Hong, 
Q.-C. Ji, L. Saper, V. Tossati and Y.-L. Xin for useful discussions. The first author 
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2. Balanced metrics with conifold singularity 

Let y be a Kahler Calabi-Yau threefold and uj its Kahler metric. Let UKj C Y 
be a collection of disjoint union of (—1, —1) curves. By contracting Ei we obtain a 
variety Xq with ordinary double point singularity. In this section, by modifying the 
4-form cj^ we shall construct a closed, smooth positive 4-form Wq on y — VJEi that 
defines a balanced hermitian metric and descends to the Candelas and De la Ossa 
cone Ricci-flat metric near the singular points of Xq. 

We begin with setting up the convention for the geometry of Y near the (—1, — 1)- 
curves. First, since the construction in this section is local, we only need to consider 
the case of contracting one (— 1, — l)-curve. Accordingly, we let ii^ C y be the 
(— 1, — l)-curve to be contracted and let p € Xq be the only singular point. We let 
L be the degree —1 line bundle on E; we pick a neighborhood U of ii^ in y that is 
biholomorphic to the disk bundle in L®^. 

To give a coordinate to U , we fix an isomorphism E = 'P^ , pick an co G and let 
z ^ E — oo = Che the standard coordinate of C. We also let (n, v) be the obvious 
coordinate for L®'^\e~oo = C^^^^, and let r be the function 

(2.1) r{z,u,v) = (1+ I z 1^)^(1 ul"^ + \v p)i 

A direct check shows that this function extends to a smooth hermitian metric of L®^. 
Since the neighborhood U is biholomorphic to a disk bundle of L®^, we might as 
well make it the unit disk bundle under the given hermitian metric. In the following, 
we shall fix such an isomorphism once and for all; for 1 > c > 0, we shall view 

(2.2) U{c) = {{z, u, v) e U\r{z, u, v) < c} C U{1) = U CY 

as an open subset of U CY without further mentioning. 

Next, we recall the Candelas-de la Ossa's metric on U. We comment that using 
(12.11) and the convention (12.21). r is a function on U cY. We consider 



iddr'^ =i{\ ul"^ + \ V \'^)dz Adz + i(l+ | z \'^){du Adu + dv A dv) 
+ izu du Adz + izu dz Adu + izv dv Adz + ivz dz A dv. 

To make the forthcoming manipulation more tractable, we notice that since both 
L®^ and r^, thus the above form as well, are invariant under Aut(£') = PGL{2,C), 
to study the positivity of invariant form we only need to work out its restriction to 
a single point in E, say at 2 = 0. 

We also introduce 

udu + vdv vdu — udv 

Ai = dz, X2 = =, A3 = = and Xkf = tXk A Xj. 

yl n 1^ + I -y p yl n p + ' 



V 



Then the above form restricting to is 



(2.3) iddr%=Q = r^An + A22 + A3 
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For the same reason, i5r^ A dr'^ is also invariant; its restriction at 2; = is 

(2.4) idr^ AdrX=o = r^X2-^. 

Definition 3. Let fo = |(r^)3, an invariant function on U. Then the two-form 
iddfo is the Kdhler form of the Candelas-de la Ossa's metric on U \E. 

We denote this metric by uJco,o, abbreviated to CO-metric. In exphcit form, 

(2.5) Wco,oU=o = (r^)^An + 2/3 (,r^yh2-2 + {rY^'Xss- 

Our next step is to modify to by gluing the CO-metric onto uj. For this, we need 
to select a cut off function xi^)- 

Lemma 4. There is a constant Ci such that for sufficiently large n, we can find a 
smooth function x '■ [0, 00) — > M such that 

(1) x{s) = s when s G [0,21]; 

(2) x'is) > -Cin~^ and 2x'{s) + sx"{s) > -Cin~^ when s € [23, (n - 1)3]; 

(3) x'is) > — Cin"3 and 2x'is) -\-sx"is) > —Cin~3 when s G [(n - l)3,n3]; 

4 

(4) X is constant when s > . 

Proof. We first construct a C^-function x that satisfies the required properties. We 

4 

let ci = 23 ; we define x(s) = s for s G [0, ci] and consider the cubic polynomial 

0(s) = Cl + (s - ci) - (s - Clf. 

Our choice of (j) makes x and (p having identical derivatives up to second order at ci . 
We then let C2 to be the smallest element in [ci, cxd) so that 2(p'(c2) + C2<p"{c2) = 0. 
This way, 

(t)'{s) > and 2(/)'(s) + s(p"{s) > 0, for s G [01,02]. 

We define x(s) = (Pis) for s G [ci,C2]. 

4 

Next, we pick C3 = (n — 1)3; notice that for n large, C3 > 02- We define x over 
[02,03] to be 

X{s) = X(C2) + C2X{C2) - olx{c2) ' . 

Therefore 

x'{s) > and 2x{s) + sx"{s) = 0, for s G [02,03]. 

4 

To extend x to [03,04] with 04 = 71.3, we will do the following. We let 

iIj{s) = ao + ai{s - 03) + 02(3 - 03)^ + 03(5 - 03)^; 

we choose Oj so that ^(03) = ^'(cs), ^'(03) = x"(c3) and ^(04) = V''(c4) = 0. Solving 
explicitly and using r = 02X2(^2), we get 



ao = TOg^, ai = -2T0n^, a2 = -^f^^^ 



T{Aci - 703) _ 2r(2c3 - 04) 



' ^'^^ ' 0i(04 - 03)2' 0i(04 - 03)3- 

Using the explicit form of 03 and 04, we see that there is a constant Ci independent 
of n so that for large n, —Cin~^ < a2 < and < 03 < Cinq's". Therefore, over 
[03 , C4] we have 

ijj{s) > -Cin"t and 2^(s) + STp'{s) > -Ciu'L 
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With the function ijj at hand, we define 

X{s) = I ip{T)dT + x{c3), s G [03,04], 

and define x be a constant function over [04, 00). 

In the end, after a small perturbation of the function we obtain a smooth 
function that satisfies the requirements stated. This proves the Lemma. □ 

We now set s = n3(r^)3 and continue to denote /o = |(r^)3, both are functions 
of {z,u,v). Using the function we construct a d-closed real (2,2)-form on Y: 

$ = '^idd[n-^x{s){iddfo)y, 
expanding, it is of the form 

$ = x'{s){iddfo) A (iddfo) + 2/3 nl{r^ylx"{s){idr'^ A Br^) A (iddfo). 
Restricting ^ to z = in E, from (j2.4p and (j2.5p . we get 

ni$U=o =2/3 (2x'(s) + sx"(s))sUn A A22 + 2x'(s)s5An A A33 
+ 2/3 (2x'(s) + sx"(s))s5r-2A22 A A33. 

Applying Lemma HI this real (2,2)-form $ has the following properties: 

(1) over U{^)\E,'^ = w^^ ^ is positive; 

(2) over U{1) \ U{yJ, there is a constant C2 such that for sufficiently large n, 
(2.6) ni$U=o > -Csn-i A,^ A A,- 

(3) over y\C/(l), ^> = 0. 

In conclusion, the real (2, 2)-form $ has compact support contained in U and 
thus can be considered as a global form on Y \E. 

Next we shall investigate the restriction of iv to U. We let l : E ^ Y he the 
inclusion and consider the restriction (pull back) uj\e = i'*oj; it is a Kahler metric 
on E. With n-.U ^ E the tautological projection induced by the bundle structure 
of L®^, the form 

OJE = TT*{lo\e) 

is a closed semi-positive (1, l)-form on U. 
Lemma 5. There is a smooth function hofU such that 

u:\u = uje + iddh. 

Proof. Since [to] = [uje] G H'jj^{U, M), there exists a real 1-form a such that uj — uje = 
da. Since a is real, we can write a = P + (5 for /? a (0, l)-form. Therefore from 

uj-QE = dp+id(3 + Bp) + Bp, 
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we obtain d(3 = 0. Finally, because h'^'^ {U,C) = C0, we can find a function g on U 
such that P = dg. Therefore for h = —i{g — g), lo — Cje = iddh. □ 

Since iddh\E = l*{uj — u}e) = 0, the restriction h\E = const.. Thus by subtracting 
a constant from h we can assume that h\E = 0. Next, since the fiber = 7r^^(^) 
over each ^ G £^ of the projection tt : U —>■ E is a disk in a linear space = M^, the 
restriction of h\u^ has a canonical Taylor series expansion in u, u, v and v. (Here we 
assume ^ £ E — oo.) Since h\E = 0, the constant terms of these series are zero. On 
the other hand, since U is the disk bundle of L®^, the linear parts of these Taylor 
series form a globally defined function on U that is M-linear along the fibers of vr. 
We denote this (fiberwise M-linear) function by hi and write h2 = h — hi. 

Using hi, we now introduce another (2, 2)-form. We pick a decreasing function 
a{s) that takes value 1 when < s < 1 and vanishes when s > 4. We set t = n^r^, 
a function of {z,u,v), and define a real (2,2)-form on Y: 

^ = _ idd{a{t) • /i2 • {2ue + idd{2hi + /la))) - idd{a{t) ■ hi ■ iddhi). 

This form satisfies 

= 0, ^'|y\^^(2) = (j^ and = 0. 

Here the first and second follows from the definitions of ^ and (T(t); the third follows 
from iddhi A loe = 0. 

We now add a multiple of the compactly supported form <I> to 

$7o = + Coni^), Co > 0. 

We emphasize that the form Qq depends on the constant Co and the integer n. We 
shall specify their choices later. 

Lemma 6. The real (2,2)-/orm Qq is d-closed, has the form = Conaa^^^Q when 
restricted to U{-)\E, and has the form ilo = uj"^ over Y \ U. 

Further, for sufficiently large Cq we can find an n(Co) such that for n > n(Co), 
the form r^o is positive. 

Proof. Because ^ and ^' are both d-closed, is d-closed too. By the definitions of 
$ and ^, we know that 

^o\x\u = ^lx\c/ = ^'^ and ^^olc/(l) = Con^^\u(i.) = Con^(^co,o 

both are positive. So we only need to check the positivity of J^o over U \ U{^). We 
first look at the region U{^) \ U{^). Within this region, 

^ =(1 - a{t))Lo^ - i{hidda{t) + da{t) A Bhi + dhi A da{t)) A iddhi 

''^ - i{h2ddait) + dait) A dh2 + a/12 A da{t)) A {2Cje + idd{2hi + /12)) • 

Since 1 — a{t) > 0, the first term is non-negative. For the other two terms, because 
E is covered hy D = {\z\ < 2} and D' = {\z\ > 1}, we only need to investigate the 

^By Dolbeault theorem, this is equivalent to the vanishing of the Cech coliomology H^{U, O) = 0. 
The vanishing of the later follows from R^n^O — and H^[E,iitO) — 0, where the later follows 
from that E has normal bundle ( — 1,-1) in U. 
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positivity over D and D' separately. Because the discussion is similar, we shall deal 
with D now. 

To begin with, for a small 5 we consider = TT~^{D)nU{6). Over Vs, the second 
term in (12.71) is 



[u'lddr"^ + ta'r-^idr'^ Adr^) A iddhi -tar-^iidr"^ A dhi + idhi Adr^)A iddhi . 



-i{hidda{t) + da{t) A dhi + dhi A da{t)) A iddhi, 
which, after expanding, becomes 
— n 

Over the same region, we expand the relevant terms: 

dr^ = r-^r^zXi + TrAs 

for r = (1+ I 2 P)i and 



iddr^ = r-^r^An + r2(A22 + A33) + r-ir(zAi2 + ^A2i). 

For simplicity, we introduce more notations. For hi, we write a = /i„(z,0, 0) and 
b = hy{z, 0,0), both are smooth functions of z; we then write the fiberwise linear 
function hi = au + au + hv + hv. For the partial derivatives of a and b, we shall 
adopt the convention Oz = ff and bzz = namely, we use subindex z and z to 

denote the partial derivatives with respect to z and z. We further introduce 

„^ ^cLzzU + bzzV^ _ azU + bzV azV-bzU 

Cll = 2Re( ), C2i=Ci2 = r , C3i=Ci3 = r , 

r ^ r r 

UzU + bzV + a^u + bzV au + hv av — hu 

"12 = ) "22 = r • , 0(32 = r • , 

r r r 

where Re is the real part. Following such convention, we have 

dhi = rdigAi + d22A2 + ^35 A3 

and 

iddhi = rcijAn + C21A21 + Ci^Aig + 0^1X31 + C13A13. 
To simply further, we introduce 

"12 ="21 = -nhia'T^C2i + t2a'Tc3id-32, 
022 = — nhit2 a'T^Cii + 2tc7'r~^Re(zci3(i32); 

«23 ="35 = nhit^a' +ta")r~^zc3i + tfT'r"^ (2031^22 + ^Ci2d32) 

+ ta'T{c3idi2 - Ciid32); 
«13 =«3T = -nhi{a' + tcr")r2c3i - t^o-'r(2c3iRe(i22 - £21^32); 
033 = - nhit^[a' + ta"){T'^Cii - 2r~^Re(zci2)) 

- 2ta'r(cnRed22 - Re(c2idi2) - r-3Re(zci2d22)) • 
Because for r small, \u\, \v\ < 2r, we can find a constant depend on 5 so that 
Icjjl, \dij\ < C3 for iz,u,v) £ Vs. 
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To control the terms a^j, we need to bound the term nhi. For this, since n^^ < 
r < 2n~^ over U{^) \ U{^), the term nhi is bounded from above uniformly over 
Vs n {U{^) \ for n > |. Therefore, enlarge C3 if necessary and for n > |, we 

have 

\a-\ < C3, {z,u,v) e ^[^^1, ^ ^-ip) n (C/(2/n) \ [/(l/?!)). 
Finally, we introduce Ajj 

= (iAfc A Afc) A (iA,, A Xf^) = A,fc A A;^,-^ for {i, k, h} = {j, k, h} = {1, 2, 3}. 
Simplifying it using the notations introduced, the expression 
- i{hidda{t)da{t) A dhi + dhi A da{t)) A 



(=2.3 fc,/=2,3 



We now look at the third term in (j2.7p . This time we consider 

- i{h2dda{t) + 5cj(t) A dh2 + 9/i2 A 9cj(t))|y, 

= - r-^h2{ta'iddr'^ - tV'r-^iSr^ A Br'^) - ta'r^'^{dr'^ A 9/i2 + 9/i2 A ^r^). 

Since restricting to E the partial derivatives of /i2 with respect to u and f are zero, 
when r is small, I/12I = 0{r'^) and |9/i2| = 0(r)- Also notice that the mixed term 
such as A23 can be controlled by A22 and A33. Therefore for n > over V,i 21 we 
have 

3 3 
C3 > -i{h2dda{t) + da{t) A a/12 + dh2 A 9(7(1)) > -C3 ^ A^^. 

fc=i fc=i 

Therefore the third term in ()2.7|) can be controlled by — C'3^^A/j,^. Inserting this 
and i^B) into ^1}, we get 



1'>n^(ai;Ar + aiiAii)+ q^; A^; - C3 A, 



3 

kk- 



1=2,3 k,l=2,3 k=l 



On the other hand by a directly calculation, we have 



2 =4/3 t-ir^n^An + 4/3 t-^nrzA2i + 4/3 t-SnFzAig 
+2ti(l - 3-^F-2|^p)A22 + 4/3 t3(l - r~2|zp)A3 



^33- 

Combining above two, over Vii 21 we finally obtain 

^0 > —Co - C3 An + n — -Co + ai2 A12 + "-"13^-13 

^ 3t3 ^ ^31 6 ^ 

/4Fz \ / 1 IzP \ 

+n — Co + 021 A2i + 2t 3 (1 - i-i2)Co - C3 + 022 A22 + 023 A23 



3te 



3F2^ 

'4 1.. IzP 



/ 4 1 -2^ \ 

+ "-031^31 + a32A32 + (3*^ (1 - -fT^^o -C3 + a33j A33. 
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We now prove that we can find a sufficiently large constant Cq so that for any 
n > |, the right hand side of the above inequality is positive. We let eij be the 
coefficient of the term A^j in the above inequality. To prove the mentioned positivity, 
we only need to check that under the stated constraint, the three minors of the 3x3 
matrix [sij] are positive: 

en > 0, det[eij]i<ij<2 > 0, det[eij]3x3 > 0. 

We recall that t = n^r^ and F = (1 + So in the region Vn 2^1, 1 < t < 2 

I- n ' n -I 

and 1 < r < \/5. Therefore by expanding the determinants, we see immediately 
that they are all positive for n positive and Cq large enough. We fix such a Cq in 
the definition of JIq- Therefore, for any n > |, the form Qq is positive in the region 

It remains to consider the region U \ U{^). Over this region, we shall prove that 
Oq is positive when n is large enough. For this purpose, we will use the smooth 
homogenous Candelas-de la Ossa's metric [1] on ?7: 

(2.9) uJco = iddf{r^) + z5aiog(l + \z\^), 

where / is defined via /' = r~^?/ for 7/^(r/ + 3/2) = r^. Explicitly, 

, 3,1 

(2.10) iVco\z=o = {V + l)Aii + |^^^^^A22 + -^t-tAss- 
By simple estimate, 

Comparing with (j2.6p . since both and ^ are homogeneous, over U\U{^) we get 

ni$ > -3C2n"^u;^^. 

Therefore, over U \ U{^), 

no>u;^ - 3CoC2n-^a;^„. 

This proves that for the fixed Cq and C2, we can choose n big enough so that the 
real (2, 2)-form is positive over U \ U{^). This proves the lemma. □ 

The closed (2,2)-form f^o is positive (2,2)-form onY\E. From [19], there is a 
positive (1, l)-form luq onY\E such that ujq = Oq. This proves 

Proposition 7. Let Y be a Calabi-Yau manifold and uj its Kdhler metric. Let 

E C Y be a {—1, —l)-curve in Y . For the open subset E C U C Y chosen and for 

sufficiently large Cq and n, we can find a balanced metric over Y \ E such that 

1 

ujQ = 00 over Y \ U{1); that u)q = C§n'^ioJcofi over U (^) \ E, and that u)q is dd-exact 
overU{l)\Ui^). 
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Corollary 8. Let Y be a Calabi-Yau manifold and lo its Kdhler metric. Let E dY 
he a union of mutually disjoint (—1, —l)-curves Ei C Y . For each Ei C Y we choose 
an open neighborhood Ei C Ui G Y as given by Proposition and we let U be the 
union ofUi. Then the Proposition^ holds true. 

Proof. Since the proof of Lemma[6]is by modifying u;^ within the open neighborhood 
E gU CY, ii we choose Ei C Ui CY to he mutuahy disjoint, then we can modify 
o;^ over the union U of Ui to obtain the desired metric ujq. Note that from the proof 
of Lemma [6l we can choose a common n and Cq for ah i. □ 

Because Y — £ = Xo^sm, the smooth part of Xq, the metric loq descends to a 
smooth balance metric on Xo^sm. that is equivalent to the Candelas-de la Ossa's 
metric near the singular points of Xq . 

3. CONSTRUCTING BALANCED METRICS ON THE SMOOTHINGS 

Assuming the threefold Xq can be smoothed to a family of smooth Calabi-Yau 
threefolds Xt, in this section we shall show that we can deform the metric ujq to a 
family of smooth balanced metrics ujt on Xf. 

Definition 9. We say Xt is a smoothing of Xq if there is a smooth four dimensional 
complex manifold X and a holomorphic projection A' — > A to the unit disk A in C 
so that the general fibers Xt = X x t are smooth and the central fiber X is 
the Xq we begin with. 

From now on, we assume that Xt is a smoothing of Xq as defined with X the total 
space of the smoothing. We let loq he the balanced metric on Xq^stu constructed in 
the previous section. 

We begin with the local geometry of X near a singular point of Xq. Let p G Xq 
he any singular point that is the contraction of £^ = TT~^{p). Since Xq is a contrac- 
tion of (—1, — l)-curves in Y, from the classification of singularities of threefolds, a 
neighborhood of p in the total family X ^ A is isomorphic to a neighborhood of 
in 

wl + wl + w1 + wl-t = (in C'' X A), 
as a family over t £ A. More precisely, for some e > and for 

U = {{w,t) G X A, : ||'u;||< 1, wj + + + wj - t = OjH, 
there is a holomorphic map 

<^:U — > X 

commuting with the projections U ^ A^ and X ^ A so that U = ^{U) is an open 
neighborhood oi p £ X and $ induces an isomorphism from U to U C X. 

We fix such an isomorphism we denote by Ut the fiber of U over t € A^, and 
denote by Ut = $(f/t) that is the open subset Xt n U. For any 1 > c > 0, we let 

Uic) = {{w,t)eU\\\w\\<c} and Ut{c) = ^{U{c)) n Xt. 
3 As usual, ||w|l^=Eti I'- 
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This way, for fixed t, Ut{c) forms an increasing sequence of open subsets of Xf and 
the variables {wi, • • • , ^4) can be viewed as coordinate functions with the constraint 
= t understood. 

In case t = 0, we can choose <I> so that the {wi, ■ ■ ■ , ^4) relates to the coordinate 
iz,u,v) of ([221) by 

wi = R{y — zu), W2 = —iR{v + zn), w-^ = —iR{u — zv), = R{u + zv) 

for a constant R to be determined momentarily. Hence under $ the function r 
introduced in Section 2 coincides with the function R^'^r{w,Q) with r{w,Q) =\\w\\. 
We then define r on [/ to be r = r o$~^; they are extensions of the similarly denoted 
r on Xq used in the previous section. Also, the punctured opens Uq{c)* = Uo{c) —p 
are isomorphic to the opens U{c) — E used in the previous section under $ as well. 
Since we need to work with different fibers Xt simultaneously, we shall reserve the 
subscript Ut{c) to denote open subsets in Xt- 

We now choose R. By choosing R large and rescaling wq, we can assume that for 

/o = i(r^)i 

(3.1) ^o|{/o(i) = ^l\uo{i) = idd{fo ■ iddfo). 

Here since /o is understood as a function on Xq, the partials d and d are holomorphic 
and anti-holomorphic differentials of /o over Xq. 

One more convention we need to introduce before we move on. Note that Xq 
has several singular points, say pi,--- ,pi, corresponding to contracting Ei C Y. 
For each such pi, we will go through the same procedure as we did for a general 
singular p £ Xq moments earlier to pick an open pi £ U C A', an isomorphism 
$ : [/ ^ ^(U) C X and the open subsets Ut{c) C Xt, etc. In fixing these ^ for 
various pi, since we can choose a common Co and n for alH € {1, • • • ,1} in corollary 
El we can pick a single large enough R that works for all pi G U so that (13. ip holds 
over U. 

We then form V <Z X (resp. V{c) C X) that is the union of all these open subsets 
U <^ X (resp. C/(c) C X), one for each pi G Xq. Accordingly, we let Vt = V r\ Xt, 
let Vt{c) = V{c) n Xt, and let r be the function on V whose restriction to each 
Pi U d V IS the r = r o <|)~^ defined moment earlier. The particular property we 
shall use is that 

(3.2) f^olvbCi) = ^olyo(i) = ^dd{fQ ■ iddfQ). 

With these preparations, we now study the deformation Xt away from the singular 
points Pi S Xq. For c G (0, 1], we introduce 

Xt[c\=Xt\Vt{c). 

For small t, Xt[^] are diffeomorphic to each other. We fix diffeomorphisms xt : 
Xt[^] ^o[^] that depend smoothly on t and xq = id. The diffeomorphisms xt 
pulls back the form on Xq[^] to forms on A't[|]. 

We then let q{s) be a (decreasing) cut-off function such that q{s) = 1 when s < | 
and g{s) = when s > I. This function define a cut off function ^0 on Xq by rule 
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^olxo[i] = 0, Qo\vo{\) = 1 and ^olyo(i)\yo(i) = ^(r). Then 

- idd[Qo ■ fo ■ iddfo) 

is a smooth (2, 2)-form on Xq with compact support hes inside ^o[^]- In particular, 
for smah t, 

x*t {^0 - iddieo ■ fo ■ iddfo)) 
is a form on Xt[^] with compact support hes in it. So we can view this form as the 
form defined on Xt by defining in Vf(^). 

In order to construct a positive (2, 2)-form on Xt, we need to extend the function 
/o(r^) = |r3 defined in Definition^ For t / G A^, we define ft{s) be the function 

(3.3) ft{s) = 2-3\t\-> {smh2T -2t) 3 dr, sG(0, 1). 

Jo 

The functions ft give the Candelas-de la Ossa's metrics (CO-metric) 

Definition 10. The two form uJco,t = iddft{r'^) is the Ricci-flat Kdhler form on 
Vt(l) constructed by Candelas and de la Ossa. 

Here we clarify our convention on d and d over Xt . In the following, we shall take 
holomorphic or anti-holomorphic differentials of functions on Xt for either t ^ or 
t = 0. To keep the notation simple, we shall use the same df and df to mean the 
differentials of / on either Xq or Xt, depending on whether / is a function on Xo 
or Xt- We shall specifically comment on this in case there are causes for confusion. 

For later application, we need to confirm the smooth dependence of the metrics 
uJoc,t on t. We denote by ft''\s) the A:-th derivative in s of ft{s). 

Lemma 11. Let fois) = fss. Then 

(1) . for any 5 > and k, restricting to s ^ [5,1] the functions f^^\s) converges 
uniformly to /o'^^(s) when t goes to zero; 

(2) . For any pair < 5' < 5 < \, there exists a as' such that when | t |< a^' and 
s G [5', 5],\<f^<2and\<j^<2. 

Proof. Since the dependence on t G is via its norm, we shall substitute |t| by the 
positive real variable u and define fu{s) as in (j3.3p with t replaced by n > 0. 

At first we consider the convergence of fu{s). By L'Hospital rule, we compute 
from (13:31) : 

3 2 

lim fu{s) = -S3 lim 5„(s), 
u^O Z 

where gu{s) was defined as 



9u[s) - 1 

\ 2 



Since ^cosh^^(^) ~ ^|lnn| when s G [5,1), 5m(s) converges uniformly to 1 in 
[6, 1) and so fu{s) converges uniformly to /o(s) = |s3 . 
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Next we consider the first derivative. By (j3.3|) . we compute 



1 



So converges uniformly to /o(s) = s 3 in [6, 1). 

As to the second derivative, by directly computation, we have 

Kis) = {-s~'m + ls~\mr') (i - 



It converges uniformly to /o(s) = ~3^~'^- 

Since for any k > 0, the k-th derivative of (1 — in s is converges uniformly 

to the zero function over s £ applying induction proves the remainder cases 

of (1). 

The second part of the Lemma follows form the explicit expressions of f^{s) and 
fuis)- This proves the Lemma. □ 

Our next step is to deform f^o to nearby fibers so that near the singular point it 
deforms as the CO-metrics uJco,t- To this end, we define 

_ / ^t6o when on -'^^^ll' 
^* ~ \ 1 when in 

and define 

(3.4) $t = x; {Qo - iddiQo ■ foir^) ■ iddhiv^))) + idd{Qt ■ h{r^) ■ iddft{v^)) . 

It is well-defined and is a d-closed 4- form on Xf. Since Xt is a complex manifold, 
$j decomposes 

$j = $3,1 _^ ^2,2 ^ ^1,3 

We claim that for t sufficiently small, <I>j'^ is positive definite. Indeed, over Vt{^), 
the first term in (j3.4p is trivial, thus 

= ^tll4(i) =^co,t, 

which is positive. Over we argue that 

(3.5) lim^t\x,ii] = ^o\xo[^,] 

uniformly. From the expression of $f it is clear that only involves fu{s) and its 
derivatives up to second order. Hence by (1) of the previous Lemma, we see that 
over Vt{l) \ Vt{^) , ft{r) and its partial derivatives up to second order all converges 
uniformly to that of /o(r)- Hence since ^o[^] is compact and is disjoint from the 
singular points, we have that the limit holds uniformly. In the end, since the part 
and ^l'^ are trivial over Vt{^) and that the complex structure of Xt varies 

13 3 1 

smoothly in t, the part and <I>j' converges to zero uniformly as t ^ 0. This 
proves that limit (13. 5p converges uniformly. Consequently, for sufficiently small e, 

2 2 "I 2 2 1 

is positive on Xt[^] for \t\ < e. Combined with the positivity of <I>^' over Vt(i), 

2 2 

we obtained the desired positivity of <I>j' for t sufficiently small. 

9 2 2 

We let LOt be the hermitian form on Xt such that (w*) = . Note that for 
small t, these metrics have uniform geometry on Xt[i2\ and are Kahler over Vt(^). 
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In the fohowing we will use tOf as our background metric on Xf. Therefore objects 
such as norms and volume forms on Xt are all taken with respect to LOt- 

Recall that our goal is to find balanced metrics on Xt. We shall achieve this by 

2 2 

modifying the form to make it both closed and positive definite. 
Since is li-closed on Xt, 

= -d<Pl'^. 

We claim that for sufficiently small t, H^'^{Xt, C) = 0. Indeed, by Dolbeault theorm 
and Serre duality, H^''^{Xt,C) = H^{Xt,T^J = H°{Xt,Txt)- Thus to prove the 
vanishing of if^'^ we suffice to prove that H^iTxt) = for sufficiently small t. 

We now prove the vanishing of vector fields of Xt for sufficiently small t. Let A 
be a small disk in C and let vr : X^ — > A be the total family of threefolds Xt for 
i G A. We form the relative tangent sheaf Tx^//^, which is defined by the the exact 
sequence of sheaves of OxA'^odules: 

— > '^a/a — ^ '^A — ^ 7r*7A, 

where the third arrow is induced by the projection Xa — > A. Since is smooth, 
the middle term is locally free and the third arrow is surjective away from the 
singular points of Xq. Therefore, Tx^/^\ is flat over A and Txq = ^x^/aIxq is 
torsion free. Now suppose for infinitely many t S A the threefold Xt has non-trivial 
vector fields; then the direct image sheaf 'k^^Tx^/a / 0. By the flatness of Tx^/i\, 
H^{Txo) / 0. Since Txq is torsion free, H^{Txo.sm) / 0- (Here Xq^siu is the smooth 
loci of Xq.) Now E dY be the contracted rational curves under the projection 
Y ^ Xo, namely Y -E = Xo,sm, then H^{Ty-e) = H^{Tx,,^J + 0. But then 
since Y is smooth and C y is a codimension 2 complex sub manifold, by Hartogs 
Lemma, any section in H^{Ty-e) extends to a section in H^{Ty)- Since Y is Kahler, 
all vector fields of Y are trivial vector fields. This proves that H^{Txq^^) = 0, a 
contradiction that ensures that for sufficiently small i, H^{Txt) = 0. 

Therefore there are (l,2)-forms ut on Xt such that dut = ~^t • f^t ^ 

(1, 2)-form on Xt such that 

(3.6) idd^t = —d^Y"^ = d^t''^ and /it -L,^; ker95. 
We then define 

(3.7) Qt = + 0t + 9t, Ot = idnf 
Therefore ()3.6p implies 

Bnt = + d{idfit) + d{-idfit) = 0, 

and since Qt is real, fit is d-closed. 

The main technical result of this section is 

Proposition 12. For sufficiently small t, Qt is positive. 

Once this is proved, then the hermitian form u^t defined via (u)t)^ = is a 
balanced metric on Xt- 
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To prove the Proposition, we first show 
Lemma 13. Suppose hm^^^o || \\c°= 0; then Qt is positive for small t. 
Proof. We let *t be the hodge operator associated to the hermitian metric cot- Then 

*t^t = t^t + *t{Ot + dt) 

and Qt is positive if wt + *t{0t + Gt) is positive. 

Now let qt be any closed point of Xt and let (zj) be a local chart of Xt at qt so 
that 

ojtiqt) = \^6ijdzi A dzj and *t (Ot + 9t){qt) = 'd = V^^fjdzi A dzj. 

Thus iOt + *t{dt + ^t) is positive at qt if and only if the matrix (^6ij + '^jj)i<,j j<3 is 
positive. Since oJtilt) = V— I'^ij'^-Zi A dzj, 

E I^H-l' = I n [Ot + = m + ^"t)(gt)P < 4|0(gi)p. 

k,l 

Thus if is small, the matrix (5ij + i^jj) is positive. In particular, if the 

-norm || ||co is small, the form *t^f, and hence the form fi^, is positive. □ 

So we only need to prove that lim^^o II \\'co~ ^- next proposition, we will 

prove that lim^^o ^'^ II lie"!" ^ ^'^y ^ 

To estimate 9t, we use the 4*^-order differential operator Et (first introduced in 
[H]) on A2'3(Xt): 

Et = ddd*d* + d*dd*d + d*d. 

Here the adjoint is defined using the hermitian metric uJt on Xt. In [H], Kodaira 
and Spencer proved that Et are self-adjoint, strongly elliptic of order 4, and a form 
(f) G r2^''^(Xt) satisfying Etc/) = if and only if 

(3.8) 00 = and 5*8*^ = 0. 
We now let jt be a solution of 

(3.9) Et{-/t) = -d<^y\ 

We first check that -d^l'^ ±kev Et. Let G kerE^t, from 1^3^ we have = 0; 

from (j3.6p we have 

(-a^>^^(/.) = (i95/it,,/.) = {ifit,d*d*ci)) = 0. 

... 1 3 

This implies — 9$^' _Lker£^t. By the theory of elliptic operators, there is a unique 
smooth solution 7f±ker£^t of (j3.9p . 

We claim that the 7t and the fit defined in (j3.6|) are related by 

(3.10) ifxt = d*d*-ft and = 0. 

This can be seen as follows. From (|3.6p and (j3.9p . we get -Et(7t) — iddfit = 0, which, 
from the definition of the operator Et, is equivalent to 

dd{d*d*-ft - ifit) + 5*(aa* + 1)^74 = 0. 
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By taking the L^-norm of the left hand side, we get 

(3.11) dd{d*d*jt - if^t) = and d*{dd* + l)djt = 0. 
On the other hand, for any (p G kerdd, we have 

Since /Uj_L ker dd, 

(3.12) {d*d*-ft - ifit)!- ker dd. 

Combining ()3.11l) and ()3.12p . we obtain d*d*^t — ifJ-t = 0, which is the first identity 
in (|3.1U|) . The second in (j3.1U|) follows from the second equality of (j3.11|) . since 

0=/ {d*{dd* + i)d^t,it)= f {\d*d^t? + \d^t\^). 

JXt JXt 
We summarize it as a Lemma 

Lemma 14. We let 74 he the unique solution to Et{'yt) = —d^l'^ subject to the 
condition -jt-Lker Ef. Then 74 satisfies djt = and the 9t defined in ()3.7p is of the 
form 6t = dd*d*^f 

Because of this Lemma, we can apply elliptic estimate to bound the norm of by 
that of . We first check that for any given 0<c<^, Et converges uniformly 
to Eq on Xo[c]. Since Et depends on the complex structure of Xt and the hodge star 
operator of background metric ujt, it depends on uJt the derivatives of it components 
of order no more than four. By Lemma [TT] and the discussion following the Lemma, 
for c > 0, over Xt[c\ the hermition forms tot converges to loq in C^. Then because for 
any < c < ^ and t sufficiently small, the Riemannian manifolds with boundaries 
(Xj[c],a;f) have uniform geometry, there is a constant C independent of t small so 
that 

(^•13) ll^*ll.|(x,.,)-^("^'"-^(-.[c]) + ll^^''llL^(xac,))- 

To proceed, we argue that the quantity J-^^ \d^l'^\'^ is bounded by C|tp for some 
constant C. Indeed, using the explicit expression (lOl) and d^y^ = {d^t) , we see 

1 3 

that d^f' only depend on the diffeomorphisms xt and on /q. Since we can choose Xf 
be smooth in t for |t| < e small, and because the complex structures of Xf is smooth 

1 3 

in t away from the nodes of Xq, the form d^^' is smooth in t. Then because is 
of type (2,2), and because d^t has compact support contained in we have 

(3.14) sup \\d<^l'^{w)\\< C\t\. 

weXt 

This provides a bound on the last term in the inequality p.l3p . 
Proposition [12] will follow from the following stronger estimate. 

Proposition 15. For any k > — |, 

lim(|trsup|^t|2J =0. 

Xt 
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Proof. First, according to Sobolev imbedding theorems, since ^t[|] have uniform 
geometry and Et converges uniformly to £"0 on ^o[g]) there is a constant C inde- 
pendent of t so that for p > 6, 



l7t|c3(Xt[l/4]) < C'(ll7t||L2(Xt[l/8]) + \\d^t 1 1 LP (Xt [1/8])) 

Because of the identities in Lemma [14] and the inequahty (|3.14p , there is a constant 
C independent of t so that 



snp\etf<C{\t\'+ [ |7*P). 



Multiplying by Itl** on both sides, we get 

|2 



(3.15) lim(|t|''sup l^tp) < C71im|t|'^ / 

vjil JJs 



m 



This provides us the bound we need over [|]. 

To control that over its complement, namely that inside Vt{j), we need the fol- 
lowing two Lemmas whose proofs will be postponed until next section. 

Lemma 16. There is a constant C independent oft such that 
sup l^tp <C [ l^tl + C sup 

Lemma 17. There is a constant C independent of t such that 

I \et\'r-l<c[ (|7,|2 + |aci>i'3|2). 



We continue the proof of Proposition [151 Until the end of this section, all constant 
Cs are independent of t; also when it depends on some other date, like a choice of 
(5 > 0, we shall use C{6) to indicate so. 

Since > |t| over Vj(l), Lemma [T71 implies 



Combined with Lemma \W[ we have 



1,3|2^ 
t I ) 



sup \9t\^ < C72|t|-§ / (|7f|2 + \d^]'^\^) + C sup \9, 



^ 2 



Then multiplying \t\'^ to both sides and taking limit t ^ 0, we find that by (j3.14p 
the second term on the right hand vanishes since — | -|- k > — 2, and the third one 
can be controlled by the first one in view of (j3.15p . So we get 



limf Itr sup \et\'^\ < C3 lim |iri+'' / ht 
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Therefore by (|3.15|) and the above inequaUty, should Proposition [TJ] fail we must 
have 

l+K f I,. |2 



JXt 

In this case, there is a positive a > and a sequence — > such that 
Normalizing 74 . = t j ^ ^ 7t, , 7ti satisfy 



(3.16) Et^{%) = -t,'^^^a-'d<^lf 



1 I K 

and 

|2 



(3.17) / |7iJ =1. 

JXt 

'■I 

Since — 5 + f > —1, (|3.14p implies that the C'^-norm of the right hand side of (|3.16p 
uniformly goes to zero when i ^ 00. Therefore by passing through a subsequence, 
there exists a smooth (l,3)-form 70 on Xo,smll such that £"0(70) = and 7^. — > 70 
pointwise. 

To make sure that the limit is non-trivial, we check that || 70 ||l2> 0. For this, we 
need the following estimate that will be proved in the next section. 

Lemma 18. For any < t < |, there is a constant C such that for any < 5 < j 
and small t (\t\ < 5 ), 



JVt(5) Jxt[^] 



We continue our proving that ||7o ||l2> 0. By ()3.14p and ()3.17p . for large i 
(3.18) / \%fr-l < C,6'^ [ (|7d^ + t7^^W..$i'P) < C,6''- 
Letting i ^ 00 and using Lemma [T1T 2). we get 



(3.19) / |7orr-3 < 

JVo{6)* 

where Vo{6)* = Vo{d)\{pi, ■ ■ ■ ,pi}. Because of (|3.17p and the pointwise convergence 
7ti 70 over Xo,5m, we have 

/ I70P > 1 - c^d^'; 

since 6 is arbitrary, we obtain 

(3.20) f |7oP = 1. 



^^o,sm is the smooth loci of Xq. 
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To obtain a contradiction to complete the proof of Proposition [TSt we now show 
that 70 = 0. We first show that 9* 70 = 0. Since d^t = 0, 

consequently, 

/ \d*d*^t\^= [ {Et{jt),lt). 

JXt JXt 

Substituting 7^- and applying the Holder inequality, (|3.17p . ()3.16p and p.l4p . we 
obtain 

Taking i — > 00 and noticing k > — |, we get d*d*jQ = 0. 

We next pick a cut-off function r(s) that vanishes when s < and r(s) = 1 when 
s > 1. For any < 5 < 1, we put S5 = ^^j^- (Note that r is a function on Vb(l) 
defined in (12. ip and is equal to r o <I)~^.) We define 

Ts = t{ss). 

It vanished in a small neighborhood of the singular points of Xq in Xq; it is a 
constant function one near the boundary of Vo(l). Therefore it can be extended to 
a function on Xq. We still denote this extension by ts- Using (j2.4p and ()2.5p . over 
Vo{5) \ Vb(|) and for a constant C7 independent of 5, we then estimate 

(3-21) |5r,|5^^„ = l|r'(.)p|ar|S^„„<C,r"l. 

We now fix a 5i < |. Since TSj^d*^o has compact support, we can view TSid*jo as 
a (1, 3)-form on Y. Since i?^'^(y, C) = 0, there exists a smooth (1, 2)-form <;^^-^ on Y 
such that 

T5i5*7o = 

Then for any 5 < hj integration by parts and using 5* 9* 70 = 0, 
(3.22) 

/ T5i|9*7o|^= / TsTs^\d* jol"^ = / r5(a*7o,9Qi) = / {*{dTs A*d*jo),<;s^). 

J Xq J Xq J Xq J Xq 

By Holder inequality and the definition of rs^ the right hand obeys 

(3.23) [ {*{dTs/\*d*7o),'is,)<( [ \dTs\'\d*lo\'Y" ( [ k^j')'- 

We then apply the following estimate to be proved in the next section: 

Lemma 19. For any < t < |, there is a constant C such that for any Q < 5 < \ 
and any small t (\t\ < 5), 

[ \d*^t\'r~l <C6'^ [ (|7,|2 + |a$i'3|2). 
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From this Lemma, we obtain for large i, 

'VtAS) 



I 

JVt 



where Cg is independent of 6. Taking hmit i — > oo and using Lemma [TT]^2), we get 



Above inequahty and (I3.2ip imply that 



(3.24) / \dTs\'\d*^o\' < Cg6''- 

JVo{5)\Vo{l) 

Next, we denote by U{5) the union of all neighborhoods Ui{6) of Ei in Y, used 
in the previous section for < 5 < 1. Over Vo(l)* = U{1) \ u'^^E'i we have three 
metrics: 

3-2 

oje = iddr^, oJcofl = i-dd{r^)^ and uJco- 

(Recall that uJco.q is the cone Ricci-flat metric and lOco is the Ricci-flat metric on 
U{1) (see (|2.9p ). Via isomorphism $, <I>*(tiJe) = iddr'^ is a metric induced from the 
Euclidean metric on C^.) Since all these metrics are homogeneous, to compare them 
we only need to compare their restrictions over a single point in one E^, say at z = 0. 

Now comparing metric lOco,o with uj(, by (j2.5p and (j2.3p , and comparing the metrics 
uje with UJco by (|2.3p and (j2.10p . since <;s^ is a (1, 2)-form, the second factor in (j3.23p 
fits into the inequalities 
(3.25) 

VoiS)\Voi^) JVo(S)\Vo(l) Jvb{5)\Vb(f) 

Since c^Si and uJco are smooth on U{6i), there exists a constant Cii((5i) possibly 
depending on 5i such that 

max ksX,^ < Cii{5i). 

Therefore 

rS 



I 



J{r=n 7| 



'Vo(5)\Vb(|) J{r=l}J^ 

where dS is the volume element of surface {r = 1}. Combined with (|3.25p . we get 



Vb(<5)\Vb(f) 



Then combined with (I3.24p and ()3.23p . we obtain 

(*(5r5A*5*7o),?5,) <C7l4(<^l)<5l+^ 
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and with UfJTm . 

r^ja* 7o|' < Ci5(5i)<5i+'. 



Taking (5 — > and then 6i — > 0, we get J"^^ |9*7op = 0; hence 9* 70 = 0. 

It remains to show that 70 = 0. Since d^t = 0, we have 570 = 0. Let be the 
complex conjugate 7o|yjj(i)*. Then dipo = d*ipo = 0. On the other hand, comparing 

the metrics (|2.3p and (|2.5p . and then using (j3.19p . we have 

Iv'olLvoL, < C / |95opr"t < +00. 



Therefore, cpo € -ff|^2^(Vo(j)*, We) is an L^-Dolbeault cohomology class of Vo(|)*, 
with respect to uje- 

We claim that this cohomology group vanishes. First, for any < 6 < ^, Vo{5)* = 
Vo{6)\{pi, - ■ ■ ,pi}. If we let Vo{6) = ^^^{Vo{6)), then Vo('^) is a disjoint union of I 
copies of Uo{6), 

4 

1=1 

Let cJe = iddr'^ on Uq{6)* = Uo{S) \ {0} be the metric induced by the flat metric 
on C^. From [21], we have lim^^g -^^(2) {^o{^)* = 0. Since coe = $*(a)e) via the 
isomorphism $ and since Vq{6)* is a disjoint union of I connected open sets each of 
which is isomorphic to IJq{6)* , we also have lim^^o -^^(2) (^o(<5)*) "^e) = 0. Therefore, 
there exists a 62 < j and a (3, l)-form uq on Vo{52)* such that Buq = ipo and 



(3.26) / |i^o|',voU < +00. 

Let 

'PS2 = fo - d{{l - Ts^)uo) . 

Then ips^ has a compact support in Xq^s^ and dips^ = 0. We can view ips2 as a 
(3, 2)-form on Y. Since H^''^{Y,C) = 0, there exists a smooth function ug^ on Y 
such that ips^ = dus^ ■ 

Now for any 5 < 82, since d*ipo = 0, 

/ rslifol"^ = Ts{(po,(po - d{{l - Ts^)i^o) + d{{l - ts2)i'q)) 



(3.27) 



Ts{ipo,d{lJS2 + (1 - t^Ji/q)) 
{*{dTs A *93o), 1^52 + (1 - '^.52)^0) 



Xq, 



sm 



|2|,„ |2\ 2 / / I , |2 I 1, |2\ 2 



Vo(5)\yo(f) ^ Vyo(5)\K.(|) 



22 



Applying (j3.19|) and (|3.21|) . and adding y'o = 7olvb(i)* > we obtain 

[ l^r^l Vol' < Cie6^\ 

JVn(S)\Vn(i) 



where Cig does not depend on 5. On the other hand, since is the smooth form 
in Y and ojco is a smooth metric on U{52), there exists a constants Cn{62) possibly 
depending on 62 such that max^^^^) l^^fcl^co — ^'17(152). This and (|2.3p . (|2.5p and 
imply that 

/ \y&2?<Ci^ |z^5j2^^r-f voU < Ci9(52)<5i. 

^Vb(<5)\Vo(f) -'Vo(<5)\Vb(|) 

Applying (j3.26p . we also have 



/ 



2 



'Vo{S)\Vo(^) JVo{5)\Vo{^) 
Substituting above three inequalities into ()3.27p . we get 

< C2l{62)6'. 



Taking 5 — > 0, since we have fixed 82-, we obtain Iv'oP = 0. This proves 70 = 0, 

a contradiction that proves the Proposition 1151 and hence the Proposition 1121 □ 



4. Proofs of Lemmas [T6] to [T9] 
We shall prove Lemma [161 flTl [T8l and [19] in this section. 

We first recall some of the notations introduced in the previous section. In the last 
section, we have introduced subsets Ut C C^, the biholomorphic map ^ : Ut ^ Ut 
and Vt C Xf, which is the union of / connected components each biholomorphic to 
Ut. 

We let ft{s) be as defined in (|3.3p and let ujco,t = iddft{r'^) be the corresponding 
CO-metric on Ut- By definition, ^*{uJco,t) = ^co,t- Thus to study the metric uJco,t 
we only need to investigate that of u}co,t- 

One property of ijjco,t we need is the following. For any c such that |t| 2 < c < 1, 
the surface {r = c} C C/t is diffeomorphic to 5^ x and q = ( ^^S 0, t^) is 

a point in this surface. In the appendix, we will prove that we can find a holomorphic 
coordinate {zi, Z2, z^) at this point such that CO metric has the form 

3 

(4.1) O0co,t\q = iddft{r^)\q = i ^ dzj A dzj. 

i=i 

Under this coordinate, we also have 

(4.2) ddr\ = (r2)l ' (dzi A dzi + ^'^^^dz2 A dz2 + dz^ A dzg) , 
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and 

(4.3) dr^ A BrX = ^(r^)! (lllj!!) ^ (l - A dz^. 

Here ?/t(s) = sf[{s). In the appendix we will also prove that r~^rj^ is increasing over 
+00) and 

2 

(4.4) lim r~^r/j = -, lim r"^?]^ = 1. 

r^— 3 r^— »oo 



We let Rfjki be the curvature tensor of Cjco,t at q in coordinate {zi,Z2-,z^). We 
have the following Lemma estimate 

Proposition 20. There exists a constant C independent of t and r such that the 
curvature tensor Rf0 of the CO metric ujco,t o,t q are bounded by 

\Ri]ki] <Cr-l. 

Proof. We shall prove this in the Appendix. □ 

Let cJe — iddr^ on Ut be the induced metric from Euclidean metric in C^. Let 
the norm and volume form defined by this metric be | • and vol^j^. Comparing 
(|4.1|) with (|4.2|) . since LOco,t and cDg are both homogeneous, we have the relation at 
any point in Ut'. 

2 

(4-5) vol<i^„ , = -r~\oh^ 

and by (j4.1|) . (|4.2|) and the estimate (|4.4|) . for any smooth function / on Ut, 
(4.6) Nf\l<Cr-l\Vf\l^^^, 

here as usual |V/|^ = 9^-^ §^-§f- for = 9fjdzi A dzj. 

We comment that the prior discussion applies to metrics uJco,t on Ut{\) since 
our chosen background metric uJt restricted to Ut{\) is the CO-metric tJco,* under 
the isomorphism <l>. By abuse of notation, we shall also view {zi,Z2,Z'i) as a local 
coordinate of the point ^~^{q) S Ut{\). Finally, since the geometry of Vt is the 
disjoint union of I copies of Ut, all statements about Ut concerning oJco,t apply to Vt 
as well. 

For simplicity, in the following we shall adopt the following convention. Since we 
will work primarily over Xt, we will omit the subscript t in all the functions and 
forms that was used to indicate the domain of definition. For instance, the form 
9t on Xt will be abbreviated to 9 when the domain manifold Xt is clear from the 
context. Also, we shall continue to use uJt to be our default metric on Xt] thus all 
norms and integrations without specification are with respect to the metric ut and 
by the volume form of uJt- In case we need to use a different metric, say with uoe, we 
will use \ ■\uj^ and vol^;^ to mean the associated norm and volume form. 

We let r(r) be a cut-off function defined on Vj(l) such that r(r) = 1 when r < 5 
and r(r) = when r > i. We then extend it to Xt by zero and denote by the same 
notation t{t). 
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4.1. Proof of Lemma 1161 We fix a t with small \t\. As commented, we write 6 to 
the 9t of Lemma [THl 

We introduce a sequence [3^ = (f)'^- By the definition of r and (j4.5p . we have 



The function |^|2/3fcr~^r^ is a non-negative C°°-function with compact support con- 
tained in Vt{\)- Via Vt(^) is identified with a minimal submanifold of under 
the Euchdean metric. Thus we can apply the Michael-Simon's Sobolev inequality 
[18] (independently by Allard [2]) 

(/ /^vol)~ <C(?i) / (|V/| + • /)vol, 

where / is a nonnegative functions with compact support on an ?i-dimensional sub- 
manifold M C M™, H the mean curvature vector of M. Here all metrics and norms 
are taken under those induced from the Euclidean metric on M*". 

Applying this to the minimal surface Ut C and that Vt is a union of Ut, for 
any nonnegative function / on Vf(^) with compact support, the above inequality 
implies 



(/ Aou)^<c(/ |v/|^^vou)^ 



where C is a constant depending only on the dimension of Vt(^). Using the volume 
comparison (|4.5|) and the norm comparison (|4.6p to the right hand side of the above 
inequality, we get 

(4.8) ( / AoU)' < Ci( / |V/|2^„^rtvoU„,)', 

for C\ a constant independent of t. 

We remark that in this section we shall use all Cj to denote constants that do not 
depend on t and k. Since the exact size of these constants are irrelevant, we shall 
be very lose in keeping track of them. 

Applying (|4.8p to the right hand side of (|4.7p for / = |0|~3~r~ r, we have 

2 , /■ ,2 

3 



(4.9) 



<Cl [ |V(|0|^r"V)rrt 

<3Cf [ IVl^l^lVfr^ + SCf / |0|2/3fc-i|Vr-2|2rlr2+ 

+ 3Cf [ |0|2/3^-ir-f|Vr|2. 
Jvt(h) 
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We can use (|4.3p to estimate the second term in last line of the above inequality: 



(4.10) 

From the definition of r, the third term is controlled 

(4.11) [ \e\"''-'r-l\VT\^<Cs [ lei^P'^-K 

It remains to estimate the first term in the last line of (j4.9p . We claim that for 
any > 1, 

/ IVI^I^I Vfr2 < -C74 / \e\^^^-^ Ag (r-lr^ 

(4.12) ^""''^ ^""''^ 

We first prove the case A; > 3. By direct calculation, we have 

i 

Using the definition Ag = — g^" dz^dzp ' compute 

/3fc_i(/?fc_i-l)|e|2(/5'^--2)|V|e|2f 

< - /3fc_i|0|2(/5'=--^)/"((v„v^0,0) + (0, v^V;30)) - /\-Q\e\^^^-\ 

Multiplying 3 to both sides of above inequality and then integrating over Vt(|), 



(3u-i [ _ |0p(^^--V°((V«V^e,^) + (0,V«V^0))r-ir2. 



(4.13) / |v|^|^|Vir2 = % / |e|2(A-i-2)|^|^|2|2^-B^2 



since the CO metric is Kahler and vanishes outside Vt(|), we get 

< - Pk-i [ |^p(^^-^-')/"((V,V^0, 6) + {9, V^V^0))r-lr2 
-/ Ag(r-fr2). 



This and (ITOD proves (|TOD . 

|2 



For /c = 2, from Ag|6'p = ||6'| Ag \6\^ - 3|(9||V|6'|| , a computation gives 

/ |V|0|^|Vir2</3i / |0|2(A-i)Ag|^|Vfr2- / j^p/^i Ag (r-fr^). 
■''Vt(i) ^Vi(i) ^yt(i) 

This implies (|4.12p in case of A; = 2. 
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For /c = 1, we need to estimate |V|6l|p. When |(9| = 0, | V l^'l I = 0. When \9\ / 0, 
then 

\v\e\f =^\e\-'\v\e\^f < 2-V"(Va^, v^^) + 2-V"(v^^,v^,e) 

= - 2-1 Aq \e\^ - 2-i/"(V,V^0, 6) - 2"i/-(0, V^Vp9). 

So ([IJ2|) is still valid for A; = 1 and /?o = 1. 

Next we estimate the second term in (I4.12P by using the Kodaira's Bochner for- 
mula ([20] p. 119): for any (p, g)-form ip = Y1 ''Pai---Pqdz°^^ A • • • A dz^'' , 

(AaV')„,..A = - E^^'^^^^^/J^^i-A 

P 1 



(4.14) ~'~EEE'^ ai/3fe ^ai---"i-ioai+i---/3fe-i/3/3fc+r--/39 

1=1 k=l a,p 



Q 



k=l /3 

We use above formula totp = 9 over Vt(^). Since Ag0|y^^i^ = and from Proposition 

4 ^ 

[20] the curvature is bounded by Cr^s, we have 

-g^''{{VaV^9,9) + {9,V^Vp9)) 

= - 5^"((V„V^0, 9) + (0, Vf,VaO) + {9, [Va,Vp]0)) < Csr-I 

where [V^, V^j] = VqV^ — V^Vq is the curvature operator. 

From the above inequality, we can estimate the second term in (j4.12p : 



-Pk-i [ |0p(^^--i)/"((V„V^^,0) + (0,V^,V^0))r-§r2 
(4.15) < C^Pk-i I |e|2^'=-ir-V 

Jvt(\) Jxt[\] 
From dH]), dM]) and (Ii3]) . 



- Agr-3 <C6r-^ 
Thus the first term in (j4.12p can be controlled 

(4.10) 7'' 

<Cq \9\^'^^-'r-^ + A^'Ce 19^^' 
JVt{\) Jxt[^ 
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Inserting and (|I?TU|) into ([n^ . we get 

(4.17) / |V|0|^|ViT2<C7A_i(/ |0|2/5^-ir-4+ / 

Then inserting (gH]), (fil^ and (|iTT|) into (fOj) . at last we obtain 



1 



So for any A; > 1, from above inequality, either 
or 

|^|2Ar-4\i < (2C77/3fc_i)^(vol(Xi[l/4]))^ sup \df 

must hold. Since the volume of Xt \^ can be controlled by a constant independent 
of t, these two inequalities imply 

< n(^8/3-i)'^f / l^l'r-^+ sup \Q\^ 

for Cs independent of t and k. Taking limit /c ^ oo, we get the inequality stated in 
Lemma [TBJ 

4.2. Proof of Lemma 1171 We shall continue working over and the opens Vt{5), 
and write 9 instead of 9t when Xf is understood. To streamline the notation, we 
will assign the symbol At to 



At:= [ (|7p + |a<l>i'3|2). 



'Ml] 

The Lemma [T71 is to show that for a constant C independent of t, 

t\^r-l < CAt. 

To begin with, for a smooth positive function cj), we define = d*C — *{d\og(j)/\ 
*C), Va = Vq + da log (f) and ^^^^^ = —9^'"°'dpda log 4>. We need another Kodaira's 
Bochner formula ([20], p. 124): For any (p, g)-form C = Y1 Cai---i3q^^'^^ A • • • A dz'^'. 



P Q 



(4.18) ~'~EEE'^ Oi/3fc ^Q:i---ai-i«ai+r--/3fe-i/3A+i--/3q 

j=l fc=l 

g _ _ 

+ EE(^</. A ~ -^^fe )Cai.../3fe„i/3;3fe+i-;35- 
k=l 
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We now let ijj = dd*^. Since the CO metric is Kahler over Vt{^), over Vt{^) we 
have 9 = dd*d*"f = —d*ip. We apply the Kodaira formula for (j) = (pi = r~3 and 
C = V'- Since ip is a (2, 3)-form and the CO metric is Ricci flat, we obtain 
(4.19) 

3 

Jvta) Jvt{\) JvtC^) ^1 ^ 

Since r has a compact support in Vt(^), we compute 

{ddl'ip,ilj)(l)iT 



< / \9\'^(/)iT+ / |aiog(/>i A *^|^0ir 

JVta) Jvta) 



-2Re / {*{^\og(|3l^*^),^*1l))<i)lT + ■■■ , 
Jvt{\) 

where the dots denote terms that are integrations over Xt[^ of smooth function 
including the derivatives of r. By (|3.13|) . the dotted terms are controlled by a fixed 
multiple, independent of t, of = /jf^[i](|7p + |(9$"^'^p). In the remainder of this 
section, the term CKt will appear in various places for the same reason. 
On the other hand, since 88*11) = —0$^'^ = on Vt(^), 



|2, 



1 T =Re 



{d*.ij,d*i))<t>iT + Re / {*{^\og<t>l^*1p),^*1p)Pv, 



<Re / (*(91og0i A*?/'),5»0ir + CiAt. 

We remark that the Ci and the Cj to appear later are all independent of t. Com- 
bining the above two inequalities, we get 

2j,_ , / A „.„/,|2, 



{ddl^,i;)^iT < - \e\'<PiT+ \dlog4>iA*iP\'^iT + C2At. 

Inserting the above inequality into (j4.19p and applying divergence theorem to the 
first term on the right hand side (j4.19p . since ip \s a. (2, 3)-form, we get 

(4.20) / \e\^PiT<[ {\d log <Pi\^ -Y,xf^ ^)\tP\^cPiT + C3 At. 

According to (j4.ip - (j4.4p . we have 

3 

2 8 _4 ^ — ^ 8 _4 

|91og(/)i| < -r 3 and Z^^^^^>^^ ■ 

13=1 
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So from (|4.2U|) , we get 

[ \e\^r~l <CsAt = Cs [ + m 



l,3u2 



This proves Lemma [T71 



4.3. Proof of Lemma 1181 and Lemma 1191 We first prove Lemma [T8l The same 
method can be used to prove Lemma [TOl 

For any < i < | and any < (5 < by Holder inequality, 



Clearly, 

where constant C does not depend on t and b. So to prove the Lemma we only need 
to prove that for a constant C independent of 

(4.21) (\ |7|'r-^^<c/ (|7|2 + |a^>i'3|2). 

We will prove the above inequality in three steps. Our first step is to establish 
the inequality 

\ - f r 

|3^-3(,\ 3 I \p,*^,\2-2l2 I r< I U,|2^-2i,-| 2 



(4.22) / |7rr-^'f<8/ |a*7|'r-^V + Ci / |7|^r-^'- 3r' + C^A^. 

We now prove this inequality. Using the method in deriving (j4.9p and (j4.12p for 
= 1, we get 
(4.23) 



(/ |7l'r-3')' <C2 / |V|7||V2V2+ 

+ C2 [ |7p|Vr— I|2rlr2 + C2 / b\'r~'^\Vr\' 

< Cs / /"((V,7, V^7) + (V^7, Val))r~^'r^ 
+ cJ |7pr-2-lr2 + C3A,. 
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Let (/)2 = r and ^3 = r 3 . By divergence theorem, 



(4.24) < - 2 / /"(V^^V^T, 7)02r2 ^ f (/-[y^, v«]7, 7)02r2 ^ 

+ / /"(a„log(/>2-V^7,7)'/'2r2- / /"(V„7,9/3(</'2t2)7). 

To bound the four terms after the identity sign, we use that the curvature is bounded 
by Cr 3 to the second item, and use the Holder inequahty to the last two items. 
After simplification, we get 

/"((V„7, V;37) + (V^7, V^7))</'2t' 

(4.25) '^'^^-^ 

< _ 4 /■ /"(V^2V^7,7)'^2r2 + cj |7|V3r' + C^^t- 

We now deal with the first term on the right hand side of the above inequality. 
We use the Kodaira's formula (j4.18|) to the case C = 7 and = (^2 in this subsection. 
Since 7 is a (2, 3)-form and CO metric is Ricci flat, ()4.18p reduces to 

13=1 

So we get 

3 

By Holder inequality, we estimate 
,2 



(95;^7, 7)<^2r^ = / (a;^7, dl^i)ct>2T' - / {dr' A a;^7, 7)'^2 
Vi(i) Jvt{\) Jvt{\) 



<2f \d*j\^^2r^ + 2 [ |51og(/>2p|7l'</'2r2 + C5At. 

Put together, we get 

- j ^ /"(V^^V^7,7)</'2t2< / ^ (2|51og</<2p-EV/3)l^l''^2r2+ 



(4.26) 

+ 2 

'Vt{\) 



Jvta) 



On the other hand, by direct calculation, 

3 2 -i 

— L V 3 a-iiv^ / , ^ 
2 02 /3 



|<91og(/>2p < -i^r"! and E ^<A2^/3 - 
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So inequality (|4.26|) implies 
(4.27) - '''^^^ 

<2 [ \d*^\^cP2T^+ [ {3l^ -2L)\j\^4>3T^ + C5At. 
JVt{\) JVt{\) 

Finally, inserting (14.270 into ()4.25p and then inserting (|4.25p into ()4.23p , we complete 
our first step in establishing the inequality (14.22p . 
Our second step is to prove 

|2j, _2 ^ 2 / |n*„,|2 i _2 



(4.28) / \lV(t^zr'<- — \d*^\'<i)2T' + CQKt. 

For this, we first apply the divergence theorem to the left had side of (j4.27p : 

(4.29) (26-3^2)/ h\^hr^<2[ \d*-f\^(l)2T^ + CeAf 

This inequality implies (j4.28p since when t < i, 2i — 3;.^ > 0. 
Our third step is to prove 

(4.30) / |a*7|V2r' <Cj I (|7|'+ | d^^'^ p)). 
Jvt{\) Jxt[l] 

To achieve this, we write 



I |5*7lV2r2 =2Re / (5;^7, 9*7)02r' 

+2Re / (*(aiog(/.2 A*7),a*7)02r2. 



(4.31) 

+2Re 

The first term after the equal sign in (j4.3ip is bounded by 

2 



<2Re [ (7,99*7)02r" + C8Af 



<2b [ |7|2,/,3r2 + 1 / \dd*j\'cP,T^ + CsAu 

for some 5 > 0, and for (j)^^ = r~^^'''3 and (f)'^ = r^^^"^. By (j4.3p . the second item 
after the equal sign in (j4.3ip is bounded by 

< / Wl?4>2r' + / |7|V3r^ 

JVt{\) 2 

Therefore (j4.3ip implies 

/ |9*7|'02t2 < (^.2 + 26) / |7|2,^3r2 + 1 / \dd*-i\''<P^T'' + CsAf 
Jvta) 2 26Jy^(i) 
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Inserting (j4.28|) into the above inequality and simplifying, we obtain 
.(2-60-46 /■ ,.,,2^ f ,^^^*,2^ . 



(4.32) ' ; / \d*j\'4>2T' < - / \dd*j\'4>^T' + C,At. 

Since < |, for any given l we can choose b such that i{l — 3l) — 26 > 0. Then the 
above inequality implies 

5*-,|2 i _2 ^ t(2 — 3i) /■ i5o*.,|2. 



^ ^ ^(1) ' - 26(.(1 - 30 - 26) ^(1) ' 

Finally, we need to estimate |9(9*7p(/)4r^. Since the CO matric is Kahler and 

dj = d-f = 0, then 95*7 = dd*-f. When restricted to Vt{^), dd*dd*j = -d^'^'^ = 0. 
From these identities, since < i < ^, 



(4.34) 



/ |9a*7|V-2^+lr2 < / \dd*j\'^T^ 



Combining the above two inequalities, we prove the inequality ()4.30|) . our third step. 

Inserting (fOOj) into (fOS]) and then inserting (|i:28|) and (|i:30]) into (jl22]), we 
get (j4.2ip . Thus we finished the proof of Lemma [THl 

Finally we prove Lemma [T9l The proof is parallel to that of the previous Lemma, 
except that in Lemma [TH] the form 7 is a (2,3)-form while in this Lemma 5*7 is a 
(1, 3)-form. Replacing 7 by 5*7, we find that all inequalities up to (j4.33p are valid. 
So to prove Lemma [T9l we only need to estimate |55*5*7pr~^'+3r^. Since 

55*5*7 = 5*55*7, by the same method in proving (j4.34p . we get 

/ |55*5*7pr-2'+lr2 < C12 / (I7P + |5$^'3|2). 
Jvt{\) Jxt[\] 

This proves Lemma [191 

Appendix A. Estimates on Candelas-de la Ossa's metrics 

We first recall some notations from Candelas-de la Ossa's paper [1]. We consider 
the family Vt- 

4 

Vt = {{w^,--- ,w^)\Y,{wif=t](lC\ 

i=l 

Since the individual Vt only depend on \ t\, in the following we shall work with t > 0. 
We let = Ylii=i be the radial coordinate. We set 

i^co,t = iddft{r^) 
The condition that the metric be Ricci-flat is 

(A.l) r\r'^ -t^){rj^y + 3t'^r]^ = 2r^ with nt{r^) = fl{r^). 
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4 

The scale has been chosen so rjt has the same asymptotic behavior as r3 for large 
r. After setting 

r"^ = t cosh r, for r > 
and integrating, we pick the solution 

9-1/3^2/3 

(A.2) m = (sinh 2r - 2Tf/^. 

tanhr 

Note that this choice of rjt makes the metric regular at =t. Also note that from 
dXH), //(s) = s-^rit{s), and that ft{s) defined in (j3.3p is a solution of this equation. 

In this appendix, we want to estimate the curvature of the CO metric. Since it 
is homogeneous (see [4]), we only need to perform our calculation at points q = 
(^^,^^^^0,ti). At first we pick some orthogonal coordinate at this point. 

Since dwi A dw2 A dws ^ near g, we can take {wi,W2-,W'i) as a (holomorphic) 
coordinate in a neighborhood of the point q. By directly calculation, we get 

ddr'^\q = — — {^dwi/\dwi + dw2/\dw2) +dw'i/\diu^+i — — [dw2/\dwi — dwiAdw2) 
and 

A Sr^lg = 2(r^ - t)dw2 A dw2. 
To simplify them, we introduce a new coordinate (ui, U2, U3) at the point 

2t — t 

Wl= Ui-i 1 U2, W2 = U2, W3 = U3, 

rq+t r^+t 

where = r'^{q). Under this coordinate, the ddr^ and dr'^ A dr'^ are expressed as 

2t 2r^ 

^5 dni A dui H — ;5 — 

+ t + t 

and 

Combined with (jA.ip . 

(A.4) n + r'f: = 4- -2*'^' 



(A. 3) 59r^|q = dui A dui H — ^ ^ ^ du2 A (i?i2 + dus A dus 



^ ^^2|^ ^ 2(r2 - t)dn2 A du2. 



3^2(^4 _i2),^2' 

SO at the point q the CO metric is 

iddftlq = -TFT^TlX^dui A dui + A du2 A du2 + ^iciua / 

At last we introduce a new coordinate (zi, 2^21 ^3) near the point q as: 

The CO metric at this point is then expressed as 

3 

iddft{r'^)\q = i ^ dzj A . 
i=i 



^9 
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Under this coordinate, we can rewrite (|A.3p as 

1 - 3 > 

ddr\ = (r^)! (J^^ ' (^dzi A dzi + ^^dz2 A + c^^^s A dzs^ 



and 



A dr% = ^{r')l (4) ' (l - 4)^^^ A dz; 



2' ' \r 

To estimate the curvature of the CO metric, we need to investigate the asymptotic 
behavior of \. 

Lemma 21. Over [t, +oo), the function r~'^r^ is an increasing function and 

2 

hm r~^rif = — , hm r~^rj^ = 1. 

r^^t 3 r'^—^oo 

Proof Let /i(t) = r"^7?f . From (TOI) . 

^ 1 coshr(sinh2r — 2t) 
2 sinh'^ r 

Differentiating, 

/i'(r) = ^^/ii(T) where hiir) = 4t + e^^ {t - 3/2) + e^^^ {t + 3/2) 

2 sinh T 

and 

h[{T) = 2Te^^ - 2e^^ - 2re-2" - 2e-2- + 4. 

Thus for any r > 0, 

^ ^ (2n+ 1)! n + 1 

n=l 

Since /ii(0) = 0, /ii(t) > and /i'(t) > 0. So over [0, +oo), the function r~^r]f is a 
increasing function of r. Since = tcoshr for r > is an increasing function in 
r, r~'^rj^ is increasing in r^. Since r — > when — > t, and r ^ oo when — > oo, 
we obtain the two desired hmits by applying the L'Hospital rule. This proves the 
Lemma. □ 

We next investigate rjf. From rjf = r^h{T), 

3n^r]'t = 2r^h{T) + r^h'ir)^ = 2r^h{T) + t'^r^h'ir) sinh-^ r > 0, 

2 _ 

hence rsry^ > 0. On the other hand by ()A.4p . we get 



Then from Lemma [211 we see that 

2 , 

< r3?7^ < 1. 
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In the following for two functions a(r, t) and (3{r, t) in r and t we shall use a ^ f3 
to mean that there is a constant C independent on r and t such that 

Hr,t)\<C\f3{r,t)\. 

Under this convention, the previous Lemma and the last inequality can be abbrevi- 
ated as 

Vt<r^ and ?7j<r"i. 
For higher derivatives, by introducing e = the identities ()A.ip and ()A.4p imply 

Therefore, by the second identity of (|A.ip . we obtain the following asymptotic esti- 
mate 

n<r-l, n'<r-l, /f <r-f(l-er and < r'f (1 - e)-^. 

To proceed, we need to the partial derivatives of with respect to Zi and Zj. For 
simplicity, we shall use the subscript i to denote the partial derivative with respect 
to Zi, and use i for derivatives with respect to Zj. Thus, for instance, q^ q^, = 

Under this convention, we compute directly that at the point q, the first order 
partial derivatives 

(A.5) {r% = {r% = and (r^)^ = -^i{r^ - t^Hr^ + t)^ < A {1 - ef^ ; 
the second order derivatives (r^)jj = except the following 

(A.6) {r\, = {r\-, = -<rl, (r^)^^ = |4 ^ 

rjt 2 

the second derivatives {r'^)ij = except the following 

(r^)ii = (r^)33 = --< rl, {r%2 = ^ ■ 

rjt 2 

For the third order partial derivatives of type ijk, we have the vanishing {r'^)ijk = 
except the following 

(r\-u = :T'^'*. < - (r\,. = -if fi-^ < (1 - 

2 r3(l-Ke)2 4 ^6(i_^g)2 



(^^)3i3 = — — ('•')323 = -^^7^ — 
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For the fourth order partial derivatives, we still have the vanishing except the fol- 
lowing 



17]^ zr 
(^')2222 = ^ ^ (^')l313 = (^')3131 = ^ ^ 

(''^)3333 = 7^ ~ '■^^ '^1 ('^^)2323 = (^^)3232 = ^ ^• 

We now use these asymptotic estimate of the partial derivatives of to prove 
Proposition [20l namely that there is a constant C independent of t and r such that 
the curvature tensor Rfj^^j of the CO metric u!co,t at q has bound 

(A.7) R^]kl<r--^. 

Since the coordinate {zi, Z2, z^) is orthogonal at q, the curvature at q has the form 

RfjkT= -{ft)ijkT+ ift)ikq{ft)qjl- 

One group of terms appearing in {ft)fjki are of the type 

where the summations are taken over all possible permutation {ii, ^2) ^3) '^4} = 

{i,j,k,l}. For such type of terms, using the previous estimate, we check directly 

_ 4 

that they are bounded by Cr 3 . 

The other group of terms in appearing {ft)ijkT are of the type: 

(A.8) /; • {r\.^j 

(A.9) f'r{{r\3ki^^)l+^^')^Tk{r%), 

(A.IO) f^.-{{r^)3kT{r% + {r%T{r')u). 

Of these, (A.8) vanishes when i ^ k or j ^ I, (A.9) vanishes when i ^ k and (A.IO) 
vanishes when j 7^ I. The remainder cases in (A.8)-(A.10) may be not vanishing, 
and will be treated separated momentarily. 

We now look at the product term {ft)ikq{ft)qji- First in the expression of {ft)ikg, 
the following two types of terms 

fi'^ ■ ir'WUr'), and fi'- {"-'^^.nir^, 

_ 2 

are bounded by Cr 3 ; therefore corresponding product terms 

n,*2,«3 

xl/f •(r-^)j(r^)r(r^), + /r ^ {r'^nir'hs 

il J2,J3 
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in the expansion of {ft)ikq{ft)qji are also bounded by Cr 3. Here the summations 
are over aU possible permutation {ii,i2i*3} = {i-ik^q} aiid {ji,j2ij3} = {j-,l-,Q}- 
The remainder terms in {ft)ikq{ft)qji are of the following types: 

(A.ll) ifif • {r%,,{r%^, 

(A.12) n ■ ir%k, ■ (/;' E(^')n^^(^')«3 + ff ■ (r'yyW^), 

(A.13) n • ir')jk • {n'Y.('')nn{r%, + /f • {r'Ur\{r%), 

where the summation in the second line is taken over all possible permutation 
{^1,12,^3} = {j,l,q} and summation in the last line is taken over all possible per- 
mutation {^1,^2) ^3} = {hk,q}. Like before, they vanish when i ^ k in case (A.ll) 
and (A.12) or when j ^ I in case (A.ll) and (A.13). 

Combining the above discussion, we see that when i ^ k and j 7^ I, the bound 
()A.7p follow immediately. For others, we need to treat case by case. 

For the case i ^ k and j = I, we have 

R^k] < r-l - n' • (r2)jj.(r2)fc(l " ' ^'W " ft ' ir%,{r\{l - f, ' ir\-,). 
We claim that the last term is always zero. Indeed, because of (jA.Sp . if i 7^ 2, then 
the last term is equal to zero. If i = 2, then k ^ 2, and by (jA.ip and ()A.6P we have 
1 — // • (r^);.^ = 0. This proves the claim that the last item always vanishes. For 
the same reason, the second item vanishes. Therefore, when i ^ k and j = I, the 
estimate (]A.7p holds. 

For the case i = k and j / /, we have = Rjiu ^ r 3 . This proves the bound 
(|A.7p in this case. 

Finally, we need to consider the cases i = k, j = I and i ^ j. We should consider 
these cases individually. In case ijkl = 1313, we have 

^1313 <r-'^ - ft ■ ir\m + in? • (r')iii(r')33i 

+ (// • (r')ii2 + /r • (r'hiir'h) ■ (// • {r'h,, + • (r^)33(r^)2) • 
The last term is clearly ^ r~3] the second and third items combined give 



, j,,s2 — t) — 2r^ 
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ti]f tr]^{r^ + 1) r]t[r^ + t) 

This proves the bound (jA.7p for -R1313. By similar method, we obtain desired bound 
(|A.7P for R1212 and i?2323- 

Finally, we consider the case i = j = k = I. Since the metric is Ricci-flat, we have 



Ran / Riijj ~ ^ ^ ■ 



This completes the proof of Proposition [20l 



Remark 22. We remark that when r ^ t, the induced metric on the surface 
const, approaches 

2V 3 
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where ds'^\g3 is the standard metric on S^. The curvature of the limiting metric is 
Ct~^ for some constant C. 
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